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The two-dimensional  format ion of a c ra te r  in a metal by a laser  pulse is studied by the frontal 
method. The problem is reduced to a set of t ranscendental  equations for the evaporation con- 
stants and to an equation of the f i rs t  order  for the frontal sur face .  Calculations are  made for 
Al, Cu, and Fe t a rge t s  for laser  energy flux densities f rom 106 to 108 W/cm2. 

A light flux of radius b with a prescr ibed  radial  energy density distr ibution q(r) (a monotonically de-  
creas ing function) fails upon the surface of a metal .  The absorption of energy on the surface of the metal 
resul ts  in the melting and evaporat ion of the lat ter .  It is required to find the rate  of penetrat ion cf the c ra te r  
g, the shape of the c ra t e r ,  and the tempera ture  of the bottom. 

A r igorous formulat ion of the problem should allow simultaneously for the p rocesses  occurr ing both in 
the bulk of the metal and also in the flow of the produced metal vapor [1]. 

In the present  work we set ourselves  the aim of investigating whether the frontal method described in [2, 
3] could be applied to the analysis  of only a few factors ,  more  specifically,  to finding the s tat ionary shape and 
the rate  of motion of the evaporation front (the bottom of the c ra te r ) .  P rocesses  connected with the condensa-  
t ion of the vapor and with the flow of heat to the side wails are  d is regarded.  It has been shown [1] that these 
p rocesses  become determinat ive when the depth of the c ra te r  is much grea te r  than its d iameter .  The method 
applied in the present  paper assumes  that the determinat ive process  is the motion of the evaporat ion front in 
the metal; accordingly,  it is applicable until such t ime as the depth of the c ra t e r  becomes comparable with its 
d iameter .  

The problem is solved in the s ta t ionary approximation, i.eo, it is assumed that an evaporation front of 
unchanging configuration F{r) moves at a constant rate g along the axis of the c r a t e r .  The t empera tu re  of the 
metal near the front then depends only on the variable ~ [2, 3]: 

~= V (x, r) + gt. (1) 

We suppose that the function V(x, r) can be wri t ten in the form V(x, r) = x -- f(r), where the equation 
x -- f(r) = const is the equation of an i sotherm in a moving sys tem of coordinates if(r) is an unknown function]. 
Trans forming  the equation of the rmal  conductivity 

to the variable 4, we obtain 

where 

Integrating (3) gives 

or  ( o2T 1 or  ) = a  + - - - - - +  
Ot \ Or S r Or Ox 2 ] 

I 
\ 

g = a ( p y - f " - - ~ -  f' ~ pj} , (2) 

d~T / d T =  const. 
P = d~ ~ / d---(- (3) 

d T =  Tlpe~t and  T(~) = Tie p~ , 
d~ 
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T A B L E  1. 

10 -2 e r a ;  q0 /q(b)  = 2] 

q0, W/  rt. ~ r,, ~ 
cm z 

C o n s t a n t s  of S t a t i o n a r y  E v a p o r a t i o n  P r o c e s s  [b = 2 . 5 .  
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2989 
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5085 
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4898 
6427 
8113 
9130 

3898 
5413 
5966 
7755 

2862 
3805 
4686 
5515 

4655 
6007 
7507 
8400 

I am/ g, p. a-n J l ~,. cm h. cm r,, cm 
sec J 

8,25 
187 
379 
1773 

31,1 
370 
1400 
3306 

Copper target 

59,0 I 4'60"10-4 
204 3,18.10 .4 
365 1,98.10 -4 
1617 5,43.10 -2 

Aluminum target 

94,9 4,58.10 -4 
539 1,31.10 -4 
1986 4,11.10 -s 
4683 1,94.10 -5 

Iron target 

156 3,27.10 -4 
1179 5,74.10 -3 
5505 1,41.10 -s 

10613 7,86.10 -2 

1,84.10-2 
7,10.10-3 
4,25.10-8 
1,13.1O-a 

1,23.10-2 
2,74.10-s 
8,54.10-a 
3,99.10-4 

6,39.10-3 
1,08.10 -3 
2,73.10-4 
1,53.10-4 

17,2 
175 
824 
1589 

4,37.10-2 
2,91.10 -a 
2,72.10-2 
2,55.10-2 

3,46.10-2 
2,65.10 -2 
3,04.10-2 
2,52.10-2 

3,00.10 -2 
2,56.10 -2 
3,01.10 -2 
2,51.10 -2 

w h e r e  T 1 = T I~ = 0 i s  t h e  t e m p e r a t u r e  of t h e  c e n t r a l  po in t  of  t h e  e v a p o r a t i o n  f r o n t .  

F r o m  t h e  c o n d i t i o n  T 114 ~ --oo -* 0, we  o b t a i n  p > 0, and ,  a c c o r d i n g l y ,  l e t  us w r i t e  p = B 2. In  t h e  
c a s e  of a l i gh t  f l u x  of i n f i n i t e l y  l a r g e  r a d i u s  i t  i s  c l e a r  t h a t  f '  ~ f" - 0 (p lana r  p r o b l e m ) ,  w h e n  p = B 2 = 

g / a .  In  t h e  c a s e  of a l igh t  b e a m  of f i n i t e  r a d i u s  t h e  t e m p e r a t u r e  a l o n g  t h e  a x i s  (x + gt)  m u s t  d e c r e a s e  

m o r e  r a p i d l y ,  s o  t h a t  B 2 > g /  a .  Le t  us  w r i t e  

B 2 -  g-g-= A2; z = ABr; r = _ - - 1  y, 
a B2 v 

E q u a t i o n  (2) c a n  t h e n  be  w r i t t e n  in  t h e  f o r m  

d~'y - - 1 .  dy + y = O .  
dz 2 z dz 

F o r  a n  i s o t h e r m  we  h a v e  t h e  o b v i o u s  c o n d i t i o n  f '  (r)l r =0 = 0, s o  t h a t  we  o b t a i n  

and 

(4) 

f, = __A . JI (ABr) (5) 
B Jo (ABr) 

1 ln(d 0 ( A B r ) ) -  1 T1 f ( r ) = - -  B ~  B 2 l n - ~ - - - ,  (6) 

w h e r e  T is  t h e  t e m p e r a t u r e  of  t h e  g i v e n  i s o t h e r m .  

E x p r e s s i o n s  (5) and (6) a r e ,  s t r i c t l y  s p e a k i n g ,  v a l i d  only  in  a n  i n f i n i t e l y  t h i n  l a y e r  a d j a c e n t  t o  t h e  

e v a p o r a t i o n  f r o n t  [2, 3]. At  a f i n i t e  d i s t a n c e  f r o m  t h e  f r o n t  t h e y  c a n  be  r e g a r d e d  a s  ho ld ing  w i t h  a c e r t a i n  
a c c u r a c y ,  w h i l e  fo r  

2,4 
r ~  AB ' 

i t  i s  r e a d i l y  s e e n  t h a t  t h e s e  e x p r e s s i o n s  l o s e  s i g n i f i c a n c e .  T h i s  s i t u a t i o n  d o e s  not ,  h o w e v e r ,  i m p o s e  any  
l i m i t a t i o n s  on f ind ing  t h e  c h a r a c t e r i s t i c s  of t h e  f r o n t ,  s i n c e ,  a s  w i l l  be  s e e n  f r o m  t h e  s u b s e q u e n t  d i s c u s -  

s i o n s ,  a l l  t ha t  we  r e q u i r e  t o  know is  t h e  t e m p e r a t u r e  i n  a n  i n f i n i t e l y  t h i n  l a y e r  a d j a c e n t  t o  t h e  f r o n t .  

T h e  c o n d i t i o n  of e n e r g y  b a l a n c e  on t h e  e v a p o r a t i o n  f r o n t  h a s  t h e  f o r m  

__ ~. aTon x+gt=E~r) = -  q (r).cos(n, x ) - - y v A H ,  (7) 

w h e r e  T is  t h e  d e n s i t y  of t h e  m e t a l ;  v -- - - g  c o s  (~, x) i s  t h e  v e l o c i t y  of m o t i o n  of a g i v e n  po in t  of t he  f r o n t  

a l o n g  t h e  n o r m a l  t o  t h e  f r o n t  s u r f a c e ;  t h e  q u a n t i t y  

AH = L RT~ ; 
2~t 
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Fig. I Fig. 2 
Fig. 1. Profile of bottom of c ra te r  under s ta t ionary  evapora-  
t ioncondi t ions .  Copper:  q0=106W/cm2;  b = 2 . 5 . 1 0 - 2 c m ;  
q0/q(b) = 2. Curve 1 shows evaporat ion front;  curve 2 shows 
the i so therm with melting tempera ture ;  r is in cm. 
Fig. 2. Dependence of ra te  of motion of evaporat ion front g 
on energy density of laser  beam q0 for copper .  Curve I c o r -  
responds to planar evaporat ion front; 2) b = 1 .25 .10  -2 cm, 
q0/q(b) =1 ;  3) b = 5 - 1 0  - 2 e m ,  q0/q(b) =2 ;  4) b = 1 . 2 5 . 1 0  -2 
cm, q0/q(b) = 2. g, c m / s e e ;  q0, W/cm2" 

We t r a n s f o r m  Eq. 
J0(ABr) : 

L is the latent heat of evaporat ion of the metal;  tt is the atomic weight of the metal; and 

- -1  
cos (n, x) = v~ 1 + F '~ 

(7) to the variable 4, r emember ing  that for F = x + gt the quantity ~ = F(r) + (1/B 2) In 

2 B ~ F (  r ) ;LT1B Jo(ABr)e (t + f'F') = q(r) --  ?gAH. (8) 

At the p o i n t r  = 0 w e h a v e  F ( 0 ) = 0 ;  q(0) =q0; J0(0) = 1 ;  f ' ( 0 ) = F ' ( 0 )  = 0 , s o t h a t  

T~i~B~ = q ~  Tg(  L RT1)  (9) 

i .eo, we have an equation interrelat ing the unknown quantities T1, g, and ]3. A second relat ionship be-  
tween these constants comes f rom the kinetics of evaporation, the appropriate  equation (following [1] and 
[4]) being taken in:the form 

L~ 
~r (10) 

~ Uoe 

v0 = c(3/4~) '/3, (10') 

where 

where ~ is the mean velocity of sound in the metal, and T is the t empera tu re  of the given point of the front .  
At the point r = 0 we have 

L~ 

g = voe m1 (11) 

A third equation is obtained f rom (8) on setting r = b. We assume (as is done, for example, in [1]) that 
molten metal is completely removed f rom the side walls of the c ra t e r  by the flow of vapor.  The side wall 
then coincides with the i so therm corresponding to the t empera tu re  of melting Tm,  and it is natural to 
suppose that the evaporat ion front at r = b smoothly goes over to the i sotherm,  i . e . ,  that 

F' (b) = [' (b). (12) 

Utilizing (9), we can then bring Eq. (8) to the form 

~ [Vl--r k 1 + B ~ J~(ABb) . =qo--q(b),  (13) 

where the t empera tu re  of the outermost  points of the front is given by the express ion  
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m 

Fig. 3. Dependence of constants for s ta -  
t ionary  evaporat ion conditions on the 
pa ramete r  v 0 for copper :  q0 = 10T W/em2; 
b = 2.5 "10  -2 cm; q0/q(b) = 2. Curve 1 
shows the velocity of motion of the front 
g; curve 2 shows the t empera tu re  of the 
center  of the bottom of the c r a t e r ,  g is in 
c m / s e c ;  v0 is in c m / s e e ;  T is in ~ 

T2 = L~t (14) 

R ln v o 1+ B ~  Jg(ABb) g 

Eliminating g and B f rom Eqs. (9), (11), and (13) gives a t ranscendental  equation for the tempera ture  of 
the eentral  point of the front T l which can be solved with the aid of a computer .  

Once T1, B, and g have been found, Eq~ (8) can be regarded  as a differential equation defining the 
configurat ion of the evaporat ion front F(r).  Utilizing (9), Eq. (8) can be writ ten in the form 

B I ( 1  q~ ~/ J~ . e -B 'v(~)  

(15) F' (r) = AJ t (ABr) 

The function F(r) determines  the shape of the bottom of the c r a t e r .  The configuration of the side 

X = - - - -  

walls is determined by the equation 

in the moving sys tem of coordinates .  

I ln{T1Jo(ABr)], b < r  < 2,4 (16) 
B ~ \ i T  m AB 

Like Eq. (6), express ion  (16) is approximate,  being satisfied with decreas ing accuracy  the larger  the 
value of x + gt. This is obvious f rom a physical  point of view, since express ion  (16) makes no allowance 
for interact ion of the metal with the flow of vapor.  

Numerical  calculations were made for copper,  aluminum, and i ron in the range of energy densities 
of the laser  beam f rom 106 to 108 W / c m  2. 

The resul ts  a re  presented in Figs.  1-3. 

It can be seen f rom Table 1 that in all cases  the distance along the X axis between the isotherms T 1 
and T 2 is smal l :  

~2-- 1 in T1 ~ b .  
B 2 T~ 

There  is no need to solve Eq. (15), since for any form of monotonically decreas ing function q(r) the 
evaporat ion front is located between the specified i so therms.  The function F(r) effectively coincides with 
the function (l/p) In (J0(ABr)); to  find the constants we do not require  the function q(r), but only its values 
at two points: q(0) = q0 and q(b) subject to the condition that q(r) monotonically dec reases .  

A compar ison of the cited values of the rate  g with data f rom the monograph of Anisimov et al. [1] 
shows that the obtained resul ts  are  in sa t i s fac tory  agreement  with experiment .  
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By way of example  we have depicted in Fig.  1 the profi le  of the bot tom of the c r a t e r  in a copper  t a rge t  
for  q0 = 106 W/cm2 and q0/q(b) = 2. It can be seen  f r o m  Fig. 2 that  the veloci ty  of motion of the front g depends 
signif icantly on its cu rva tu re .  Even when the energy  densi ty  is uni formly dis t r ibuted over  the c ross  sec t ion  
of the beam,  i . e . ,  when q0 = q(b) (curve 2), the veloci ty  g is apprec iab ly  less  than the veloci ty  of a planar  
front  (curve 1). While if q0/q{b) = 2 (curves 3 and 4), neglecting the cu rva tu re  of the front leads to a lmos t  a 
10-fold e r r o r  in the de te rmina t ion  of g in the range  10G-10 ? W / c m  2. 

F igure  3 shows the dependence of the ra te  of motion of the front g and the t e m p e r a t u r e  T i on the p a r a m -  
e te r  v 0. As pointed out in [1], fo rmula  (10') ve ry  roughly d e t e r m i n e s  the p re -exponent ia l  fac tor  in the kinetic 
equation. The calculat ions show, however ,  that  the magnitude of this p a r a m e t e r  has only a sma l l  effect on the 
r e su l t s  of the computat ions;  varying v 0 by an order  (from 105 to 106 c m / s e c )  changes the veloci ty  g only by 
around 5%. 

NOTATION 

Ti,  t e m p e r a t u r e  of the center  of the bot tom of the c r a t e r ;  T2, t e m p e r a t u r e  of the ou te rmos t  points of the 
front  (at r = b); g, s t a t ionary  ra t e  of deepening of the c r a t e r ;  p = (d2T/d}2)/(dT/d~); ~2 = (1/B2) • ln(T1/T2), 
d is tance  along the X axis f rom the cen t ra l  point of the front to the i s o t h e r m  with t e m p e r a t u r e  T2; h = (1/B 2) In 
(Ti /Tm),  depth of the mol ten layer  along the X axis;  r 1 = (2,4/AB).  
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3. 
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GROUP PROPERTIES OF THE NONLINEAR 

HEAT-CONDUCTION EQUATION AND THE 

SOLUTION OF INVERSE PROBLEMS 

V. V, F r o l o v  UDC 536.526.011 

We develop a n u m e r i c a l - -  exper imenta l  method of de te rmin ing  the t he rmophys i ca l  p rope r t i e s  of 
ma te r i a l s  in which we use  g roup- invar i an t  solutions of the nonlinear heat -conduct ion equation~ 
We study the s tabi l i ty  of a c lass  of such solut ions.  

In [1] Ovsyannikov examined the p rob lem of the group c lass i f i ca t ion  of the equation 

_ _  = _ _  / ( . )  , ( 1 )  
at Ox 

i .  e~ the p rob lem of de termining  the fundamental  group admit ted by Eq. (1) for  var ious  fo rms  of the function f 
of the unknown solution. 
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